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F(A) onto itself for the norm ||je||0. Show that if K=G — X - 1E, then F"HO) = E(A)
and K(E) = F(A) in E (apply (a) to the inverse of the restriction of V to F(A)).
(d) Deduce from (c) that if U (or a power of U) is a compact operator in E0 (for
the norm |M|0), then 0 is a compact operator. (If (An) is the sequence of eigenvalues of
U9 deduce from (b) and (c) that the subspace of E orthogonal to all the subspaces
E(A«) is the kernel of 0.)
18. Let E be an infinite dimensional complex Hilbert space. For a positive hermitian
operator Tin E, the following conditions are equivalent: (1) T(E) is dense in E; (2)
T -i(0)= {0}; (3) (Tx\x)>0 for any x^O (use the Cauchy-Schwarz inequality
applied to (Tx \ y)); (4) Tis nondegenerate. We say that a continuous operator U in E is
quasi-hermitian if there exists a nondegenerate positive hermitian operator Jsuch that
TU=U*T.
 (a)	Show that every eigenvalue of U is real; if )/=£/ — A • 1E and if K"x(0) is
finite dimensional, then E is a direct topological sum of F(E) and K~J(0), and A is a
simple pole of (U— £ - ie)"*. (Consider the Hilbert space obtained by completing E
for the scalar product (Tx\ y)> and apply Problem 17.)
 (b)	Let (ocn) be an infinite sequence of distinct real numbers such that £ aj = 1.
n
Let E be the Hilbert sum of a sequence of finite dimensional Hilbert spaces E« such
that dim(En) =*n(n^ 1). In E«, let (eln)i^i^n be a Hilbert basis, Un an operator in En
such that Unein = octein + ei+lt» for / ^ n — I and Unenn — ocnenn. Prove that \\Un \\ ^ 2,
but for any complex number £ such that |£| = 1, \\(Un + £ * ie,,)'* II ** iVU. There is a
unique continuous operator U on E whose restriction to each En is Un; show that U
is quasi-hermitian and that the ocn are its eigenvalues, but that its spectrum contains the
circle |£| = 1.
 (c)	Let U be a compact quasi-hermitian operator. Prove that if U ^ 0, the spectrum of
U cannot be reduced to the point 0, the eigenvalues An ^ 0 of U are simple poles of
(U~ £ • la)'1 andN(An; U) = E(An; U) and r(E(An; U)) = E(An; £/*). Furthermore,
the intersection of the subspaces F(An; U) is equal to U~~1(Q)t and the intersection of
U -J(0) and U(E) is reduced to 0 (method of (a)).
 (d)	Suppose E is separable, and let U be a compact continuous operator in E having
the following property: there is a sequence (Art) of real eigenvalues of U* such that
the sum of the E(An; U*) is dense in E. Prove that U is quasi-hermitian. (Show that
there is in E a total sequence (£>„) such that U*bn = Xk(rt)bn (for a suitable k(n))t and
define T such that Tx =]T ocn(x | bn)bn with suitable ocn > 0; cf. Problem 16.)
n
 (e)	Suppose E is separable, and let U be a compact operator in E satisfying the fol-
lowing conditions: (1) all the eigenvalues An of U are real and k(Xn; U)— I for every
n; (2) the intersection of the subspaces F(Xn; U) is equal to C/~ * (0); (3) the intersection
of U ""HO) and £/(E) is {0}. Prove that U is quasi-hermitian (use (11.5.5) and (d)).
 (f)	Suppose E is separable, and let (en)n^0 be a Hilbert basis for E. Prove that the
operator U defined by
Ue2n = 0,        Ue2n+i = -— I e2n + ~-T<?2,,+i I
n+ 1 \         «+ 1         /
for all n ^ 0, is compact and quasi-hermitian, but the sum U ~l(Q) + U(E) (which is an
algebraic direct sum) is not a topological direct sum (cf. Section 6.5, Problem 2).
00
(g)	With the same notations as in (f), let U be the operator defined by UeQ = £ e»/nt
nn 1
Uen = ejn2 for n ^ 1; using (e), show that U is compact and quasi-hermitian, but the
sum £/-1(0) + U(E) is not dense in E; conclude that £7* is not quasi-hermitian.

